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Abstract
This paper studies the robustness of symmetric equilibria in anonymous local games
to perturbations of prior beliefs. Two priors are strategically close on a class of games if
players receive similar expected payoffs in equilibrium under the priors, for any game in
that class. I show that if the structure of payoff interdependencies is sparse in a well-defined
sense, the conditions for strategic proximity in anonymous local games are strictly weaker
than the conditions for general Bayesian games of Kajii and Morris [11] when attention is
restricted to symmetric equilibria. Hence, by exploiting the properties of anonymous local
games, it is possible to obtain stronger robustness results for this class.
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Introduction

As is well known, game-theoretic predictions can be highly sensitive to assumptions about
players’ higher-order beliefs (e.g., [3, 23]). This important insight has motivated the study of
conditions under which predictions are robust to various perturbations of players’ higher-order
beliefs.1 Unfortunately, the class of perturbations under which predictions are robust in all
possible games is only small, underscoring the sensitivity of predictions. If, however, outcomes
are robust to a wider range of perturbations in a subclass of games, then we need to be less
concerned with the potential sensitivity of predictions when that class of games models the
strategic situation we are interested in. This paper therefore studies the robustness of equilibria
in a subclass of games that models a wide range of economic settings. It is shown that while
higher-order beliefs can have a nontrivial effect on outcomes in these games, stronger robustness
results can nevertheless be obtained for this class of games under certain conditions.
More specifically, one of the approaches to studying the robustness of strategic outcomes
to small changes in players’ beliefs is to identify a measure on information systems such that
if two information systems are close according to this measure, then the predictions for any
given Bayesian game are similar under the two information systems [11, 16]. In that case, the
information systems are said to be strategically close on the class of all Bayesian games. If two
information systems are strategically close in this sense, a modeler who is unsure which of the
two information system obtains can be confident that for any Bayesian game he may want to
consider, the two information systems give similar predictions for that game.
However, if the information systems of interest do not meet this condition, the modeler’s
predictions are not necessarily sensitive to the choice of information system, as the information
systems may give similar predictions for the subclass of games he is interested in. It is therefore
important to identify classes of games of economic interest in which predictions are more robust
to the choice of information system. In particular, since many economic settings are characterized by specific types of payoff interdependencies or symmetry properties, it is worth exploring
whether such properties can be exploited to weaken the conditions for strategic proximity on a
class of games that satisfy these properties.
This paper considers the strategic proximity of players’ prior beliefs on the class of anonymous local games, a class of games that includes games with type-dependent heterogeneous
externalities [2, 9] and network games [7]. In an anonymous local game, the payoffs to a player
only depend on the actions and types of some subset of players, and do so in an anonymous way,
in the sense that payoff functions do not depend on the identity of players. Moreover, each player
faces the same environment before learning his type. Given the symmetry of the situation, it is
natural to focus on symmetric equilibria.
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Instead of requiring information systems to give similar equilibrium predictions in every
Bayesian game, as in much of the literature, I only require robustness of the symmetric equilibria
in anonymous local games. More precisely, two (common) priors µ, µ0 are said to be strategically
close on the class of anonymous local games if, for any anonymous local game with prior µ and
a symmetric (interim) equilibrium σ, there exists an approximate symmetric equilibrium σ 0 in
the associated game with prior µ0 such that the (ex ante) payoffs under σ and σ 0 are close.
Theorem 4.1 shows that two priors are strategically close on the class of anonymous local
games if and only if (i ) the priors assign similar ex ante probability to events; and (ii ) with high
prior probability, a player’s type belongs to a cohesive subset of the set of types that have similar
conditional beliefs under the two priors. This is the set of types with conditional beliefs that
are close under the two priors such that with high conditional probability, their payoffs depend
only on types with close conditional beliefs such that with high conditional probability,. . . their
payoffs depend only on types with close conditional beliefs, for any number of iterations. Since
these conditions make references to types only, and not to players, they characterize strategic
proximity even if the player set is potentially unbounded (under the mild assumption that the
expected number of players is finite).
Because strategic proximity is required to hold only for a subclass of games, the conditions
for strategic proximity for general Bayesian games must be at least as strong as the present
conditions if attention is restricted to symmetric equilibria. I therefore investigate the conditions under which the restriction to anonymous local games leads to conditions for strategic
proximity that are strictly weaker than the conditions obtained by Kajii and Morris [11] for
all Bayesian games. In particular, Kajii and Morris [11] show that a necessary condition for
strategic proximity of priors on the class of Bayesian games is that with high prior probability,
there is approximate common belief that conditional beliefs of all players are close under the
priors.
Section 4.2 shows that the present conditions for strategic proximity are weaker than those
for general Bayesian games if the following holds: There is a sequence of players i1 , . . . , ik such
that with high prior probability, player i1 believes (with high conditional probability) that player
i2 believes that. . . the conditional beliefs of player ik are not close under the two priors, and,
in each such sequence, there is a player i` who has a vanishingly small effect on the payoffs of
player i`+1 . The intuition is simple. If there is a player who believes that some other player
believes. . . there is a player with conditional beliefs are not close under the two priors, then
there is no approximate common belief of close conditional beliefs, so that the condition for
general Bayesian games is not met. However, in anonymous local games, the (higher-order)
beliefs of a player about the actions of certain other players may not affect his best response,
so that predictions for this class of games will be similar under the two priors. This result may
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be especially useful when the modeler is interested in large games, since the assumptions that
interactions are local and anonymous are especially natural in such settings, while the conditions
for general Bayesian games (that require approximate common belief) appear most likely to be
violated.
The question which topologies on information structures induce continuity of the set of solutions has received considerable attention in the literature.2 A common theme in this literature
is that such a topology needs to be fairly strong, or, equivalently, that the class of perturbations to which outcomes are robust is small. I therefore depart from much of the literature by
restricting attention to a specific subclass of Bayesian games, to investigate the extent to which
the conditions on perturbations can be relaxed for that class.3
Of course, an important question is how to trade off the restrictions on the class of games
with the extent to which continuity conditions can be relaxed. In the extreme, one could restrict
attention to a single game, and get very weak conditions for strategic proximity for that game.
It is therefore important to focus on a class of games such that the conditions for strategic
proximity can be significantly weakened, yet represent a wide range of economic situations.
The current approach combines conditions on the payoff functions with conditions on the prior
which makes that the class of payoff functions for which the results hold can be fairly general.
In particular, nontrivial effects of higher-order beliefs are not ruled out a priori, as illustrated in
Section 2: low-probability events can have a large impact on strategic outcomes through players’
higher-order beliefs.
As noted above, anonymous local games are characterized by joint conditions on payoff functions and priors. The payoff functions determine the strength of the payoff interdependencies,
while the prior specifies the probability with which each of the types affect a given type’s payoff.
The current results critically rely on this. That the sensitivity of predictions depend on the
prior (in addition to the payoff structure) is in line with the results of [18], obtained in a very
different setting. In the context of coordination games played on a network, Morris [18] studies
the conditions on the network structure under which an action that is played initially by a small
subset of players can spread to the rest of the population under myopic best-response dynamics.
Intuitively, a game on a network such that players readily switch actions if a small fraction of
players does so is conceptually similar to an incomplete-information game with a prior such that
equilibrium behavior is sensitive to small perturbations of beliefs (also see [17]). Morris [18]
shows that interaction structures differ greatly in their sensitivity to a small change in behavior
by players, just like the strength of the conditions for strategic proximity depends on the prior.
2
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Figure 1: (a) The state ωm,k ; (b) the state ω̃m,k . In both figures, the players are labeled 1, 2, 3, 4, 5,
and their types are tm−1 , tm−1 , tm , tm , tm , respectively; player labels are omitted for clarity. An
arrow from a player i to j means that i can affect j’s payoffs, but not conversely, and a dashed
line between i and j means that they can both affect the other’s payoffs.
It is important to emphasize, though, that the results of [18] cannot easily be translated to the
current setting. Most importantly, in the games studied in [18], the best response of a player
is solely determined by the fraction of his neighbors taking an action. By contrast, the bestresponse correspondences considered here can be completely general. It is all the more striking
that certain insights, such as the importance of cohesiveness, do carry over to this much richer
setting.
The outline of this paper is as follows. Section 2 provides two examples to illustrate the
different effects perturbations can have on strategic outcomes. Section 3 formally introduces
the class of anonymous local games and defines strategic proximity. It also proposes a notion of
closeness of priors which does not refer to any strategic aspects of the situation. Section 4 shows
that the topology induced by this measure fully characterizes strategic proximity, and compares
the current conditions to the conditions for strategic proximity in all Bayesian games. Section 5
illustrates how the results can be applied in the context of network games. Section 6 concludes.

2

Examples

In this section I provide an example of a game with type-dependent and heterogeneous
externalities to illustrate the different effects small perturbations of prior beliefs can have. There
are five players, labeled 1, 2, 3, 4 and 5, with types t0 , t1 , . . . The payoff to a player potentially
depends on the actions and types of only a subset of players. Say that a player i is a neighbor of
another player j if i’s action or type affects j’s payoffs. Which players are neighbors depends on
the state of the world. States can thus be represented by directed networks, with the (directed)
edges specifying the payoff dependencies.
There are two actions, aS and aR . The payoff of aS to a player is always zero. The payoff of
action aR depends on the actions and types of a players’ neighbors. Specifically, the payoff of
5

aR to a player i of type tm equals:
• b > 0 if i has two neighbors, both have type tm , and both play aR ;
• b > 0 if i has four neighbors, two of which have type tm , two have type tm+1 , and all
neighbors play aR ;
• −c < 0 otherwise.
Action aS is thus a safe action, while action aR is risky. Assume that 3b − 4c < 0.
Depending on players’ beliefs over the payoff interdependencies, small perturbations of their
beliefs can have very different effects, as the following two examples demonstrate:
Example 2.1 (Containment) The state space is Ω = {ωm,k : m ∈ N, k = 1, . . . , 10}. In state
ωm,k , two players have type tm−1 , and three players have type tm ; the index k keeps track of the

5
= 10 different configurations of players.4 A state ωm,k thus fixes an interaction structure; see
3
Figure 1(a).5
Players have a common prior µ∗ ; the prior probability of state ωm,k is
  
1
1
∗
.
µ (ωm,k ) =
10
2m
A player of type tm assigns conditional probability 47 to the states in which the other players
have type tm−1 and tm , and conditional probability 73 to the states in which the other players
have type tm and tm+1 . Consider the symmetric strategy profile σ ∗ in which all players choose
the risky action aR , regardless of their type. Conditional on a player’s type, his expected payoffs
are 73 b − 74 c, which is strictly positive by assumption. Since no player can gain by deviating, σ ∗
is an equilibrium, and the ex ante expected payoffs are 37 b − 47 c for each player.
Now consider the sequence of priors µ1 , µ2 , . . . such that
  
1
1
1
`
µ (ωm,k ) = `
M
10
2m
if ` ≤ m, and µ` (ωm,k ) = 0 otherwise, with 1/M ` a normalization factor. Is the strategy profile
in which all players choose the risky action aR for every possible type still an equilibrium under
the perturbed prior µ` ? Under the perturbed prior µ` , a player of type t` assigns probability 1
to the event that he has three neighbors of type t`−1 , and one of type t` . Playing aR thus gives
him an expected payoff of −c < 0. Hence, in any equilibrium, a player of type t` chooses aS ,
and obtains a payoff of 0. I claim that the strategy profile σ ` in which all players play the safe
4

For instance, in one of the possible configurations of players, players 1 and 2 have type tm , and the other
players have type tm−1 . The labeling of configurations (by k) is fixed arbitrarily.
5
In the formal treatment, more general state spaces are considered. This should not create any confusion.
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action aS if their types is t` and the risky action aR otherwise is an equilibrium. To see this,
note that the payoffs of aR to a player of type t`−1 are not affected by which action a player of
type t` takes. Hence, playing aR is still optimal for a player of that type. Given that players of
type t`−1 choose aR , the expected payoffs of aR under the prior µ` to players of type t0 , . . . , t`−2
are the same as under the prior µ∗ , so that the risky action aR is optimal for players with these
types. As ` goes to infinity, ex ante expected payoffs under this equilibrium converge to 37 b − 74 c,
the expected payoff of the strategy profile σ ∗ in which all players choose the risky action for
every possible type. Consequently, even if σ ∗ is no longer an equilibrium under the perturbed
prior µ` , there is a symmetric equilibrium σ ` that gives approximately the same payoffs as σ ∗
when ` goes to infinity.
/
While the effect of perturbing some players beliefs was contained in the previous example, the
next example shows that a similarly small change can have a large effect on strategic outcomes
in a slightly different setting:
e = {ω̃m,k : m ∈ N, k = 1, . . . , 10}. In
Example 2.2 (Contagion) Consider the state space Ω
ω̃m,k , there are again two players of type tm−1 , and three players of type tm , with k labeling the
different assignments of players to types, as before. The difference between ω̃m,k and ωm,k is
which players influence which players’ payoffs. As in the previous example, players of the same
type affect each others’ payoffs, but now it is the players of type tm−1 whose payoffs depend on
the actions of the players of the other type, rather than the other way around; see Figure 1(b).
Define the prior µ̃∗ by
  
1
1
∗
µ̃ (ω̃m,k ) =
.
10
2m
As in Example 2.1, there is an equilibrium σ̃ ∗ in which all players choose the risky action aR ,
for any type they may have, so that their ex ante expected payoffs are 37 b − 47 c > 0, as before.
Now take a sequence of perturbed priors µ̃1 , µ̃2 , . . ., defined by
  
1
1
1
`
µ̃ (ω̃m,k ) = `
M
10
2m
if m ≤ `, and µ̃` (ω̃m,k ) = 0 otherwise, with M ` a normalization factor. While in Example 2.1
there was an equilibrium “close” to the original equilibrium σ ∗ when the perturbations became
arbitrarily small (in terms of prior probabilities), this is not the case here.6 Indeed, choosing
the risky action aR gives a player of type t` a payoff of −c < 0 (independent of other players’
actions), while the safe action guarantees him a payoff of 0. Hence, in any equilibrium, players
of type t` play aS . But that means that choosing aR gives a player of type t`−1 a payoff of −c,
so that players of that type will play aS in equilibrium, leading players of type t`−2 to choose aS ,
6
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and so on. Hence, in equilibrium, all players choose the safe action aS for every possible type,
giving ex ante expected payoffs of 0. There is thus no equilibrium under the prior µ̃` such that
players receive payoffs that are similar to those under σ̃ ∗ , even for ` large.
/
In both cases, the perturbed priors are similar to the original prior in terms of the ex ante
probabilities they assign to events. However, even when the perturbations in terms of prior
probabilities become arbitrarily small, some types assign very different conditional probabilities
to certain events under the perturbed priors. In the first case, the effect of a player with perturbed
conditional beliefs choosing a different equilibrium action is “contained” because this player has
a limited impact on other players’ payoffs. In the second example, however, the actions of players
with perturbed conditional beliefs do have a substantial effect on other players’ payoffs, leading
these players to choose different actions in equilibrium, and so on. Section 4 investigates the
conditions under which the effects of perturbations on equilibrium outcomes can be contained,
after the necessary concepts have been introduced in the next section.

3

Framework

3.1

Anonymous local games

An anonymous local game is a game in which a players’ payoff may depend on only a subset of
players. Also, players are assumed to be symmetric ex ante, and payoff functions are anonymous.
These properties make that the equilibria of the game can be analyzed without making reference
to the number of players, so that games with an unbounded number of players can be analyzed.
To allow for this, it is convenient to work with a countable set of potential players. Formally, there
is a set of (candidate) players Nc := Z who face uncertainty about payoffs. Payoff uncertainty
is represented by a state space Ω = G × S × C, where G is the set of interaction structures, C is
the collection of sets of active players or agents, and the space S represents other payoff-relevant
uncertainty. The sets G and C are discussed in more detail below.
Nature draws a pair (g, s) from G × S according to a common prior µ. An interaction
structure g can be represented by a directed network, so that the set G of interaction structures
can be taken to be the (countable) set of all directed networks with a finite number of vertices.7
Conditional on the event that the number of vertices of the interaction structure g equals n, a
set N of n agents is drawn according to an improper uniform prior from the collection Cn ⊂ C of
subsets of n candidate players, where Cn is the collection of subsets {m, m + 1, . . . , m + n − 1}
of n candidate players with consecutive labels, with m ∈ Nc = Z. Active players are associated
7
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8

with a vertex of the interaction structure g in such a way that each active player is equally likely
to occupy a certain position in the interaction structure.8 A (directed) edge from an agent i to
another agent j in the directed network representing g means that j’s payoff potentially depends
on the action or type of agent i (depending on the payoff function). In that case, i is said to be
a neighbor of j. The set of neighbors of j in state ω = (g, s, N ) is denoted by Nj (g, N ).
The common prior µ on G × S and the improper uniform prior on the collection C of sets
of active players give a prior η on the state space Ω = G × S × C. Even though the prior η is
improper, the measure ηN on Ω obtained from η by conditioning on the event that the set of
active players is N is a well-defined probability measure; see e.g. [5, pp. 190–191].9 The expected
number of active players is assumed to be finite.
The payoffs to each active player depend on his own action and type and the actions and
types of his neighbors. Each candidate player is endowed with a finite set of actions A, the same
for each player. The type of player i in state ω = (g, s, N ) is denoted by τi (g, s, N ) or sometimes
τi (ω) for brevity. A player’s type specifies whether he is selected to play, but otherwise contains
information only on the interaction structure and the payoff parameter. The set of types T is
the same for each candidate player and is assumed to be countable. The set of types that know
that they participate is denoted Ta , the set of active types.
The payoffs to an active player i ∈ N in state ω = (g, s, N ) given the action profile a = (aj )j∈N
are:

ui (a, g, s, N ) = v|Ni (g,N )| ai , (aj )j∈Ni (g,N ) , τi (g, s, N ), (τj (g, s, N ))j∈Ni (g,N )
if the set of neighbors Ni (g, N ) of i is nonempty. That is, payoffs do not depend on the identity
of a player, and are a function only of the player’s action and type and the actions and types
of his neighbors. If player i has no neighbors, or if i is not active in state ω = (g, s, N ), then
ui (a, g, s, N ) = v0 (ai , ti ), i.e., the payoffs to i are a function only of his own action and type.
The payoff functions vk , k = 1, 2, . . ., are assumed to be anonymous. That is, for each b ∈ A,
(a1 , . . . , ak ) ∈ Ak , t ∈ T , (t1 , . . . , tk ) ∈ Tak ,


vk b, (a1 , . . . , ak ), t, (t1 , . . . , tk ) = vk b, (aπ(1) , . . . , aπ(k) ), t, (tπ(1) , . . . , tπ(k) )

(1)

for any permutation π of 1, . . . , k. While the anonymity condition (1) rules out that an agent’s
payoffs depend on the identity of a neighbor who takes a certain action or has a certain type,
it allows for a rich class of payoff interdependencies. For instance, an agent’s payoff may differ
depending on whether a neighbor of type t or type t0 takes a given action a. The functions
v0 , v1 , . . . are referred to as (local) payoff functions. The profile v := (v0 , v1 , . . .) of local payoff
8
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functions is bounded by B if
|vk (a(k+1) , t, t(k) ) − vk (b(k+1) , t, t(k) )| ≤ B

and

|vk (a(k+1) , t, t(k) )| ≤ B

for any k, action profiles a(k+1) , b(k+1) ∈ Ak+1 , type t ∈ Ta , and type profile t(k) ∈ Tak . A profile
of payoff functions is bounded if it is bounded by some B ∈ R.
I also assume that the types of active players are exchangeable. That is, for any set N ⊂ Nc
of agents, any set of distinct players i1 , . . . , im in N , any active types t1 , . . . , tm ∈ Ta , and any
permutation π of 1, . . . , m,

ηN {(g, s, M ) ∈ Ω : τi1 (g, s, M ) = t1 , . . . , τim (g, s, M ) = tm } =

ηN {(g, s, M ) ∈ Ω : τiπ(1) (g, s, M ) = t1 , . . . , τiπ(m) (g, s, M ) = tm } ,
where ηN is the probability measure on the state space conditional on the event that the set
of active players is N .10 Together, the exchangeability and anonymity assumptions make that
players are symmetric from an ex ante perspective.
It will be convenient to define the type profile of an agent’s neighbors without making reference to their identity. Label the types in Ta as t1 , t2 , . . .. If in state ω = (g, s, N ) agent i ∈ N
has a nonempty set of neighbors Ni (g, N ) := {j1 , . . . , jk }, and the types of these neighbors are
given by tj1 , . . . , tjk ∈ Ta , then the neighbor type profile θi = θi (g, s, N ) of i in (g, s, N ) is simply
the tuple (tρ(j1 ) , . . . , tρ(jk ) ) where ρ is a permutation of j1 , . . . , jk that places the types in a nondecreasing order (according to the labeling of the elements of Ta ). Otherwise, if agent i has no
neighbors, set θi := (0). For future reference, let Θ(k) ⊂ Tak be the set of neighbor type profiles
S
of dimension k, and let Θ := k Θ(k) be the set of all neighbor type profiles.
Since an agent’s type does not contain any information on the (random) set of active players
other than that he is selected to play, it follows that the probability that an arbitrary subset
of active players has a given type or neighbor type profile is independent of the identity of the
active players. Because the interaction structure completely determines the number of agents,
it suffices to consider the (proper) prior µ on the set of interaction structures when referring to
agents’ beliefs about types and (neighbor) type profiles. Formally, the probability µ(t) that an
arbitrary agent has type t is:

P
n
µ
{(g,
s)
:
τ
(g,
s)
=
t}
g
1
(g,s)∈G×S

P
,
µ(t) :=
0 0
(g 0 ,s0 )∈G×S ng 0 µ {(g , s )}
where, with some abuse of notation, τ1 (g, s) is the type of the agent associated with vertex 1
in g (which clearly does not depend on the set of active players), ng is the number of vertices
10

This is with some abuse of notation, as the probability that a given active player is associated with a given
vertex is not given by η. Because the protocol that matches agents with vertices is fixed across states, no confusion
should result.
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P
(players) in interaction structure g and where the weight ng /( (g0 ,s) ng0 µ({(g 0 , s0 )})) (the number
of players in g relative to the average number of players) is applied to account for the fact that
conditional on being selected to play, an agent assigns a higher probability to participating in a
game with many players [20].11 Finally, for notational convenience assume that, with probability
one, each agent has at least one neighbor. Denote the class of priors µ on G × S that satisfy the
above conditions by M. Throughout this paper, an anonymous local game with prior µ ∈ M
on G × S and local payoff function profile v is denoted by (µ, v).

3.2

Strategies and equilibrium

As is standard, a (mixed) strategy of a player i is a function σi : T → ∆(A), with σi (ti )(ai )
the probability that i chooses action ai when his type is ti . A strategy profile σ = (σi )i∈Nc
specifies a strategy for each candidate player i. A strategy profile is symmetric if σi = σj for all
i, j ∈ Nc . As always, σ−i denotes the strategy profile (σj )j∈Nc \{i} of players other than i.
Fix an active type ti ∈ Ta such that ti has positive probability under the common prior µ.
The interim expected payoff of action ai ∈ A to an active player i of type ti is given by
ϕi (ai , σ−i ; ti , µ) :=

X

ηi (ω, D | ti ) v|D| (ai , (σj (τj (ω)))j∈D , τi (ω), (τj (ω))j∈D ),

ω=(g,s,N )∈Ω,
D⊆N \{i}

where ηi (ω, D | ti ) is the conditional probability (given that i is active and has type ti ∈ Ta )
that the state is ω = (g, s, N ) and that i’s set of neighbors is D. If σ is a symmetric strategy
profile, this can be written as:
ϕi (ai , σ−i ; ti , µ) =

X

µ(θ | ti ) vk (ai , (σj (θj ))j=1,...,k , ti , θ),

k∈N,
θ=(θ1 ,...,θk )∈Θ(k)

where µ(θ | ti ) is the conditional probability that an agent has neighbor type profile θ =
(θ1 , . . . , θk ) conditional on his type being ti ∈ Ta . For a candidate player i who is not selected
into the game, or for a type ti that has zero probability under µ, simply set ϕi (ai , σ−i ; ti , µ) = 0
for any ai and σ−i .
For ε ≥ 0, a strategy profile σ is an ε-equilibrium of an anonymous local game (µ, v) if for
each candidate player i ∈ Nc with an active type ti ∈ Ta such that µ(ti ) > 0, it holds that
ϕi (ai , σ−i ; ti , µ) ≥ ϕi (bi , σ−i ; ti µ) − ε
11

This is easy to see. Suppose that the number of active players is 2 or 2000 with equal probability. Conditional
on being selected to play, an agent assigns probability ( 12 · 2000)/( 12 · 2000 + 12 · 2) > 21 to participating in the
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for each ai ∈ A with σi (ti )(ai ) > 0 and for any bi ∈ A. That is, in an ε-equilibrium, an active
player can gain at most ε from deviating; a 0-equilibrium is referred to as an equilibrium. An
ε-equilibrium is symmetric if the strategy profile is symmetric.
Proposition 3.1 If an anonymous local game (µ, v) is bounded, it has a symmetric equilibrium.
The proof can be found in the online appendix. The proof relies on the assumption that the
expected number of agents is finite. Together with the assumption that the profile of local payoff
functions is bounded, this ensures that the payoff functions are continuous.12
It will also be useful to define a player’s expected payoffs conditional on being selected into
the game, but before he learns his type. The expected payoffs of a player i are obtained from
the interim expected payoffs in the usual way, by averaging over all possible active types ti ∈ Ta ,
weighted by the probability µ(ti ) of that type:
X
X
σi (ti )(ai ) ϕi (ai , σ−i ; ti , µ).
µ(ti )
Φi (σ; µ) =
ti ∈Ta

ai ∈A

Hence, an anonymous local game is essentially a Bayesian game with a countably infinite
player set which satisfies a number of symmetry and anonymity assumptions. In particular, if
the common prior assigns probability one to an interaction structure with a fixed number of
agents n, and the set of active players N becomes common knowledge among the agents, then
an anonymous local game can be seen as a standard Bayesian game with a finite player set. To
avoid tedious repetition, the qualification “conditional on being selected into the game” when
referring to an agent’s beliefs will be omitted in the following.

3.3

Strategic closeness

The aim of the paper is to define a measure on priors such that if two priors in M are
close according to this measure, then players can expect similar outcomes in equilibrium under
the two priors in any anonymous local game with bounded payoffs. In that case, the priors are
strategically close. Here I make precise what is meant by strategic proximity; Section 3.4 proposes
a measure on priors that does not make references to the strategic features of the situation. This
measure will be used in Section 4 to characterize strategic proximity in anonymous local games.
Consider two anonymous local games (µ, v) and (µ0 , v) such that v is a bounded profile of local
payoff functions. What does it mean for an agent to obtain similar equilibrium payoffs in the
games (µ, v) and (µ0 , v)? Adapting a notion proposed by [11] for Bayesian games to the context
12

The proof builds on an insight of [21], who showed that payoff functions in a complete-information game
with an arbitrary player set are continuous if they can be approximated by payoff functions that only depend
on the actions of a finite subset of players. If types are independent, the result of [1] for Bayesian games with a
countably infinite player set can be used to obtain existence of a (possibly asymmetric) Bayesian equilibrium.
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of anonymous local games, I say that µ and µ0 are strategically close if for any bounded profile
v, for any symmetric equilibrium σ of the game (µ, v), there exists a symmetric approximate
equilibrium σ 0 of the game (µ0 , v) such that expected payoffs under σ and σ 0 are close, and vice
versa.
Formally, let µ, µ0 ∈ M be common priors, and let v := (vk )k∈N be a profile of local payoff
functions. Note that if all opponents play according to a symmetric strategy profile σ, the
interim expected payoffs and expected payoffs of a player do not depend on his identity. That is,
for any i, j ∈ Nc and t ∈ Ta , it holds that ϕi (·, σ−i ; t, µ) = ϕj (·, σ−j ; t, µ) and Φi (σ; µ) = Φj (σ; µ)
for any strategy profile σ and prior µ, so that it is sufficient to consider a fixed player i ∈ Nc .
For each ε ≥ 0, define
χ(µ, µ0 ; v, ε) :=

sup

inf

0
ε 0
σ∈E 0 (µ,v) σ ∈E (µ ,v)

Φi (σ; µ) − Φi (σ 0 ; µ0 ) ,

where E ε (µ, v) is the set of symmetric ε-equilibria of (µ, v), so that E 0 (µ, v) denotes the set of
symmetric equilibria of the game. To obtain a measure that is symmetric in µ and µ0 , let
χ∗ (µ, µ0 ; v, ε) := max {χ(µ, µ0 ; v, ε), χ(µ0 , µ; v, ε)} .
If χ∗ (µ, µ0 ; v, ε) is small for two priors µ, µ0 ∈ M for any ε > 0 and any bounded profile of local
payoff functions v, then for any symmetric equilibrium of the anonymous local game (µ, v), there
exists some approximate symmetric equilibrium of the game (µ0 , v) such that expected payoffs
are similar, for any ε > 0 and any bounded profile of payoff functions v; conversely, for any
symmetric equilibrium in (µ0 , v), there is an approximate symmetric equilibrium in (µ, v) that
gives similar expected payoffs. If that is the case, µ and µ0 are said to be strategically close on
the class of anonymous local games. If χ∗ (µ, µ` ; v, ε) → 0 for a sequence of priors (µ` )`∈N for any
ε > 0 and any bounded profile v, the sequence (µ` )`∈N converges strategically to the prior µ; this
is the case for instance for the sequence of priors (µ` )`∈N and the prior µ∗ in Example 2.1.

3.4

A topology on priors

The purpose of this section is to define a notion of “closeness” of priors that does not make
reference to strategic features, such as payoff functions. In the next section, I show that closeness according to this measure is a necessary and sufficient condition for strategic proximity in
anonymous local games.
To characterize the closeness of priors, I formulate two conditions. The first captures weak
convergence of priors, which is equivalent to uniform weak convergence in the current context
(recall that the state space is countable). Let µ(F ) be the probability that the type and neighbor
type profile of an agent lie in F ⊆ Ta × Θ, and define
d0 (µ, µ0 ) :=

sup |µ(F ) − µ0 (F )|.
F ⊆Ta ×Θ
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(2)

If µ and µ0 are close according to this measure, then they assign similar prior probabilities to
all relevant events. The perturbed priors in Examples 2.1 and 2.2 converge to the priors µ∗ and
µ̃∗ , respectively, in this sense.
The second condition concerns the conditional beliefs of agents. To state this condition, I
define a belief operator that is suitable for the case of anonymous local games.13 The local pbelief operator Bµp associates with each set of types the subset of types such that with conditional
probability at least p, their payoffs depend only on the actions and types of agents with types
S
in that set. Formally, for any subset U ⊆ Ta of active types, let Ξ(U ) := k (U k ∩ Θ(k) ) be the
set of neighbor type profiles such that each neighbor’s type belongs to the set of types U . For
any t ∈ Ta such that µ(t) > 0, let µ(Ξ(U ) | t) be the probability that the types of the neighbors
of an agent belong to U , given that his type is t. Then,
Bµp (U ) := {t ∈ U : µ(t) > 0 ⇒ µ(Ξ(U ) | t) ≥ p}.
Note that Bµp (U ) includes the types in U that have probability zero. The online appendix
discusses a number of properties of the local belief operator.
By definition, Bµp (U ) ⊆ U . If in addition
Bµp (U ) ⊇ U,
then the set of types U is said to be p-cohesive (under µ). This term is motivated by the
following: If a set of types U is p-cohesive, then with high conditional probability the payoffs to
each player with a type in U depend only on players with types in that set such that with high
conditional probability, the payoffs of those players depend only on players with types in that
set, and so on.
 `
 `+1
 1
= Bµp ◦ Bµp . Let
Define Bµp (U ) := Bµp (U ) and, for each ` ∈ N, let Bµp
\  `
Cµp (U ) :=
Bµp (U ).
`∈N

Intuitively, Cµp (U ) is the set of types in U such that with conditional probability at least p,
their payoffs depend only on types in U such that with conditional probability at least p, their
payoffs. . . depend only on types in U , for any number of iterations. Lemma A.1 in the appendix
shows that Cµp (U ) is indeed p-cohesive.
To use the local p-belief operator to formulate conditions on agents’ conditional beliefs, denote
the conditional probability that the neighbor type profile of an agent of type t lies in F ⊆ Θ by
µ(F | t), and define


δ
0
0
Tµ,µ0 := t ∈ Ta : µ(t), µ (t) > 0 and sup |µ(F | t) − µ (F | t)| ≤ δ
F ⊆Θ
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[17] and [19] propose similar operators in a different context.
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to be the set of active types such that agents’ conditional beliefs about their neighbors’ types
are within δ. Clearly, the optimal action for an agent with a type t that induces different
δ
conditional beliefs under µ and µ0 (i.e., t 6∈ Tµ,µ
0 ) may be different under the two priors. It
turns out, however, that even if with high (prior) probability, an agent has a type such that
δ
his conditional beliefs about his neighbors’ types are similar under µ and µ0 (i.e., t ∈ Tµ,µ
0 ),
outcomes may differ considerably under the two priors, so that a stronger condition is required.
Define


δ
d1 (µ, µ0 ) := inf δ : µ {(g, s) : τ1 (g, s) ∈ Cµ1−δ (Tµ,µ
(3)
0 )} ≥ 1 − δ ,
where τ1 (g, s) is the type of the agent associated with vertex 1 in the interaction structure g. If
d1 (µ, µ0 ) is small, then, with high prior probability (under µ), an agent has a type such that his
conditional beliefs are similar under µ and µ0 , and with high conditional probability, his payoffs
depend only on players whose conditional beliefs are close under the priors, and whose payoffs
depend (with high conditional probability) only on players with close conditional beliefs, and so
on.14 That is, d1 (µ, µ` ) → 0 for some sequence of priors (µ` )`∈N whenever the set of types in Ta
with arbitrarily close conditional beliefs is p-cohesive for p arbitrarily close to one, and the prior
probability of this set goes to one. This condition is strictly weaker than the requirement that
conditional beliefs converge uniformly.
Combining (2) and (3) gives:
d∗ (µ, µ0 ) := max {d0 (µ, µ0 ), d1 (µ, µ0 ), d1 (µ0 , µ)} .
It is immediate that d∗ is nonnegative and symmetric. Moreover, d∗ (µ, µ0 ) = 0 if and only if
µ = µ0 . Because d∗ need not satisfy the triangle inequality, it is not a metric. However, the
measure d∗ introduces a topology on the set of priors M by specifying a notion of convergence,
where a sequence (µ` )`∈N converges to µ if and only if for any ε > 0, there exists Λ ∈ N such
that d∗ (µ` , µ) ≤ ε for all ` > Λ. This topology will be used in the next section to characterize
strategic proximity in anonymous local games.

4
4.1

Results
Strategic proximity in anonymous local games

The previous section developed a measure d∗ on the class of priors M which defines a topology
on M which is stronger than the topology of weak convergence (of prior beliefs), but whose notion
14

δ
Note that (3) only refers to the event that some fixed agent has a type in Cµ1−δ (Tµ,µ
0 ), not to the event that
1−δ
δ
the neighbors of this agent have their type in Cµ (Tµ,µ0 ), or to the event that all agents have their type in
δ
1−δ
Cµ1−δ (Tµ,µ
(U ) is (1 − δ)-cohesive: If a fixed agent has a type in Cµ1−δ (U ) for some
0 ) [11]. The reason is that Cµ
subset of types U , then with high probability all his neighbors have a type in U ; see Lemma A.2.
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of convergence does not require uniform convergence of conditional beliefs. Theorem 4.1 shows
that convergence of priors in this topology is a necessary and sufficient condition for strategic
convergence in anonymous local games:
Theorem 4.1 Let µ ∈ M and let (µ` )`∈N be a sequence in M. Then, χ∗ (µ, µ` ; v, ε) → 0 for
any ε > 0 and any bounded profile v of local payoff functions if and only if d∗ (µ, µ` ) → 0.
The proof of Theorem 4.1 follows from Lemmas 4.2–4.4. First, Lemma 4.2 shows that the
conditions in the theorem are sufficient:
Lemma 4.2 Let µ, µ0 ∈ M, and let v be a profile of payoff functions. Suppose that d∗ (µ, µ0 ) ≤ δ.
Then, if σ is a symmetric equilibrium of the game (µ, v) and v is bounded by B, there exists a
symmetric 5δB-equilibrium σ 0 of the game (µ0 , v) such that

Φi (σ; µ) − Φi (σ 0 ; µ0 ) ≤ 4 − δ δB
for all i ∈ Nc .
The proof can be found in Appendix A. Second, Lemma 4.3 establishes that closeness in terms
of prior probabilities is a necessary condition for strategic proximity:
Lemma 4.3 Let µ, µ0 ∈ M. If d0 (µ, µ0 ) > δ, then there exists a profile v of payoff functions
with bound B = 1 and a symmetric equilibrium σ of the game (µ, v) such that for any symmetric
δ-equilibrium σ 0 of (µ0 , v),
|Φi (σ; µ) − Φi (σ 0 ; µ0 )| > δ
for all i ∈ Nc .
For a proof, see Appendix A. The last building block of the proof of Theorem 4.1 is Lemma 4.4.
Its proof demonstrates how small perturbations of higher-order beliefs can lead to large changes
in strategic outcomes.
Lemma 4.4 Let µ, µ0 ∈ M. If d1 (µ, µ0 ) > δ, then there exists a profile v of payoff functions
with bound B = 3 and a symmetric equilibrium σ of the game (µ, v) such that for any symmetric
δ-equilibrium σ 0 of the game (µ0 , v),
|Φi (σ; µ) − Φi (σ 0 ; µ0 )| > δ 2 ,
for all i ∈ Nc .
Proof. By assumption, d1 (µ, µ0 ) > δ, so that

δ
µ {(g, s) ∈ G × S : τ1 (g, s) ∈ Cµ1−δ (Tµ,µ
0 )} > 1 − δ
16

or

δ
µ0 {(g, s) ∈ G × S : τ1 (g, s) ∈ Cµ1−δ
0 (Tµ,µ0 )} > 1 − δ.

(4)

δ
Without loss of generality, assume that (4) holds. By definition, for every t ∈ Ta \ Tµ,µ
0 there
∗
exists a set of neighbor type profiles Ft ⊆ Θ such that

µ0 (Ft∗ | t) − µ(Ft∗ | t) > δ,
where µ0 (Ft∗ | t) and µ(Ft∗ | t) are the conditional probabilities under µ0 and µ, respectively, that
an agent’s neighbor type profile belongs to Ft∗ , given that his type is t.
Label the actions as A = {b1 , b2 , . . . , bm }, and let payoffs be defined as follows.15 For each
t ∈ Ta , k ∈ N, a = (a1 , . . . , ak ) ∈ Ak and θ ∈ Θ(k) , let
vk (b1 , a, t, θ) = 0,






2
vk (b , a, t, θ) =






2
−δ
1 − µ(Ft∗ | t)
−µ(Ft∗ | t)

if
if
if
if

δ
t ∈ Tµ,µ
0 and
δ
t ∈ Tµ,µ
0 and
δ
t ∈ Ta \ Tµ,µ
0
δ
t ∈ Ta \ Tµ,µ0

aj = b2 for some j = 1, . . . , k;
aj = b1 for all j = 1, . . . , k;
and θ ∈ Ft∗ ;
and θ 6∈ Ft∗ ;

and for ` = 3, . . . , m, set
vk (b` , a, t, θ) = −2.
That is, action b1 always gives a payoff of 0, regardless of the actions and types of an agent and his
δ
2
neighbors. For agents of type t ∈ Tµ,µ
0 , action b is only profitable if there is at least one neighbor
δ
who also takes action b2 . By contrast, the payoff of b2 to an agent of type t ∈ Ta \ Tµ,µ
0 only
1
2
depends on his neighbor type profile θ. All other actions than b and b are strictly dominated.
The game (µ, v) has a symmetric equilibrium σ in which all agents choose action b1 for any
type in Ta , so that the expected payoffs are Φi (σ; µ) = 0 for all i ∈ Nc . Now consider the game
δ
0
∗
∗
(µ0 , v). By definition, for each type t ∈ Ta \Tµ,µ
0 , µ (Ft | t)−µ(Ft | t) > δ. The interim expected
δ
payoffs of playing b2 for an active player i of type t ∈ Ta \ Tµ,µ
0 are then


ϕi (b2 , σ−i ; t, µ0 ) = µ0 (Ft∗ | t) 1 − µ(Ft∗ | t) − 1 − µ0 (Ft∗ | t) µ(Ft∗ | t) > δ
δ
for every strategy profile σ−i . It follows that in any δ-equilibrium, agents of type t ∈ Ta \ Tµ,µ
0
2
δ
choose action b . Next consider a type t ∈ Tµ,µ0 . If the conditional probability that the types of

δ
δ
all neighbors of an agent of type t are in Tµ,µ
0 is smaller than 1 − δ, i.e., if µ Ξ(Tµ,µ0 ) | t < 1 − δ,
then, with conditional probability at least δ, an agent of type t has at least one neighbor who
plays b2 . Hence, the interim expected payoffs of b2 to an agent that has such a type are at least

δ · 2 − (1 − δ) · δ > δ,
15

This game is based on the “infection game” of [11].
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δ
δ
so that in any δ-equilibrium, agents of type t ∈ Tµ,µ
< 1 − δ will play
0 such that µ Ξ(Tµ,µ0 ) | t

1−δ
2
δ
δ
b . By a similar argument, agents of type t ∈ Tµ,µ0 such that µ Ξ(Bµ0 (Tµ,µ0 )) | t < 1 − δ will
δ
play b2 in any δ-equilibrium, and so on. Consequently, all agents of type t ∈ Tµ,µ
0 such that

1−δ
δ
2
µ Ξ(Cµ0 (Tµ,µ0 )) | t < 1 − δ will play b in any δ-equilibrium.
δ
By (4), the probability that an agent has a type t ∈ Ta \ Cµ0 (Tµ,µ
0 ) is greater than δ. By
1−δ
δ
Lemma A.1 in the appendix, the set Cµ0 (Tµ,µ0 ) is (1 − δ)-cohesive, so that the probability that

1−δ
δ
δ
an agent has a type t ∈ Tµ,µ
0 such that µ Cµ0 (Tµ,µ0 ) | t < 1 − δ is greater than δ. This implies
that in any δ-equilibrium σ 0 of (µ0 , v), players’ expected payoffs are greater than δ 2 , and the
result follows.

The proof of Theorem 4.1 follows directly from Lemmas 4.2–4.4:
Proof. (If ) Let v be a profile of payoff functions. By Lemma 4.2, if v is bounded by B, and for
` ∈ N such that 5Bd∗ (µ, µ` ) ≤ ε,

χ∗ (µ, µ` ; v, ε) ≤ 4 − d∗ (µ, µ` ) d∗ (µ, µ` )B.
Hence, for all profiles of payoff functions v that are bounded and for all ε > 0, if d∗ (µ, µ` ) → 0,
then χ∗ (µ, µ` ; v, ε) → 0.
(Only if ) Let µ, µ0 ∈ M and fix δ ∈ [0, 1). If d0 (µ, µ0 ) > δ or d1 (µ, µ0 ) > δ, then, by Lemmas 4.3
and 4.4, there is a profile of payoff functions v bounded by B = 3 and a symmetric equilibrium
σ of (µ, v) such that for any symmetric δ-equilibrium σ 0 of (µ0 , v), |Φi (σ; µ) − Φi (σ 0 ; µ0 )| > δ 2 . 
To gain a better insight into the conditions for strategic proximity in anonymous local games,
refer back to the examples in Section 2. As noted above, the perturbed priors converge to the
original priors in terms of the prior probabilities assigned to events. Also, in both cases there
is a single type whose conditional beliefs under the perturbed prior are very different than its
belief under the original prior, and this type has vanishingly small probability in the limit. The
key difference between the two examples is that in the first case, a switch to the safe action
by a player of type t` had no effect on the optimal action of other players, while in the second
case, such a change led all types to choose the safe action. That is, even if a player believes
that all his neighbors have conditional beliefs close to their conditional beliefs under the original
prior, believe that his neighbors believe this, and so on, up to high order, it is optimal for him
to choose the safe action if he believes that some his neighbors believe that. . . some of their
neighbors believe that the conditional beliefs of their neighbors are very different from their
beliefs under the original prior.
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4.2

Comparison to general Bayesian games

How do the conditions for strategic proximity in anonymous local games in Theorem 4.1
compare to the corresponding conditions for general Bayesian games? As noted in Section 3,
if the number of players is fixed and the set of (active) players is common knowledge, then an
anonymous local game is essentially a Bayesian game that satisfies a number of anonymity and
symmetry properties. Since the anonymous local games with a commonly known player set
form a subclass of the Bayesian games, the conditions derived in the previous section cannot
be stronger than the corresponding conditions for strategic proximity for all Bayesian games
when attention is restricted to symmetric equilibria.16 This section provides a condition on
priors under which the present conditions are strictly weaker than the conditions for strategic
proximity for general Bayesian games (and arbitrary equilibria) of Kajii and Morris [11], who
show that a necessary condition for priors to be strategically close in general Bayesian games is
that with high prior probability there is approximate common belief that conditional beliefs are
close.
Before showing that the current conditions may be weaker than those for general Bayesian
games for certain priors, it is worth asking why this may hold. Intuitively, the conditions for
general Bayesian games for two priors to be close ensure that with high prior probability, there
is no player who believes that with high conditional probability one of the other players believes
that with high conditional probability. . . the conditional beliefs of some of his opponents are very
different under the two priors. However, if priors assign positive probability only to interaction
structures in which the actions of players who hold different conditional beliefs under the two
priors (or the actions of players who believe that their opponents have different beliefs under the
two priors, and so on) have limited impact on the payoffs of other players, then this condition
may be too strong.17 To wit, even if a player of type t1 believes that with high conditional
probability the conditional beliefs of a player of type t2 about some payoff-relevant event are
very different under the two priors, the optimal strategy of the first player will be the same under
the two priors if with high probability, a player of type t2 has no effect on his payoffs. That is,
only (higher-order) beliefs about neighbors matter, beliefs about arbitrary players who are not
neighbors of a player do not affect equilibrium actions.
I now formalize this intuition. For δ > 0, prior µ, type set U ⊆ Ta and active type t ∈ Ta
such that µ(t) > 0, say that there is a δ-path in neighbors from U to t (under µ), denoted
16

The current conditions for strategic proximity for anonymous local games are necessary if arbitrary equilibria
are considered, but need not be sufficient.
17
In this section and the next, I follow standard terminology and speak of “players” rather than of agents or
active players, as elsewhere in the paper. Also, the term “Bayesian game” refers to a Bayesian game with a finite
player set.
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L

U −→ t, if there is a sequence of players i1 , . . . , ik such that each player im assigns conditional
µ,δ

probability greater than δ to the event that one of his neighbors assigns conditional probability
greater than δ to the event that. . . one of his neighbors has a type in U , i.e., there exists k > 1,
E1 , . . . , Ek ⊆ Ta with E1 = U , Ek = {t}, such that for m = 2, . . . , k, there is tm ∈ Em with
µ(tm ) > 0 and

µ {(g, s) : ∃j ∈ N1 (g) s.t. τj (g, s) ∈ Em−1 } | {(g 0 , s0 ) : τ1 (g 0 , s0 ) = tm } > δ,
(5)
where (with some abuse of notation) N1 (g) and τ1 (g, s) are the set of neighbors and the type
of the player associated with vertex 1 in g, respectively, and τj (g, s) is the type of an arbitrary
neighbor of that player.
G
Similarly, there is a δ-path in players (under µ) from U to t (under µ), denoted U −→ t, if
µ,δ

there exists k > 1, E1 , . . . , Ek ⊆ Ta with E1 = U , Ek = {t}, such that for m = 2, . . . , k, there is
tm ∈ Em with µ(tm ) > 0 and

µ {(g, s) : ∃j 6= 1 s.t. τj (g, s) ∈ Em−1 } | {(g 0 , s0 ) : τ1 (g 0 , s0 ) = tm } > δ.
(6)
Condition (6) is almost identical to (5), with the important difference that a path in players
only requires a sequence of (distinct) players, rather than a sequence of neighbors. The following
result is thus immediate:
L

G

µ,δ

µ,δ

Lemma 4.5 Let δ > 0, U ⊆ Ta and let t ∈ Ta be such that µ(t) > 0. If U −→ t, then U −→ t.
A converse to this result clearly does not hold; for example, there is a δ-path in players between
any pair of types for δ sufficiently small under the prior µ∗ in Example 2.1, while there is no
δ-path in neighbors from type t` to type tm for m < ` for any δ > 0.
How are these properties related to the conditions on priors to be strategically close? In
Appendix B, I show that the conditions in Theorem 4.1 on players’ posterior beliefs hold for a
prior µ and a sequence (µ` )`∈N , while the corresponding condition for general Bayesian games is
not satisfied if and only if:
(a) with probability converging to one, there is no path in neighbors from the set of types
that hold different conditional beliefs under µ and (µ` )`∈N to a set of types of measure
arbitrarily close to one; and
(b) with probability bounded away from zero, there is a path in players from the set of types
that have different conditional beliefs under µ and (µ` )`∈N to a set of types of measure
converging to one.
That is, suppose there is a prior µ and a sequence (µ` )`∈N such that (a) and (b) hold, and
the prior beliefs under µ` converge to those under µ (i.e., d0 (µ, µ` ) → 0). Then there exists a
20

Bayesian game (µ, v) with anonymous local interactions such that µ` converges to µ in a strategic
sense (i.e., χ∗ (µ, µ` ; v, ε) → 0 for any ε > 0) even though the conditions for general Bayesian
games are not satisfied. Example 2.1 provides an instance of this. As noted above, there is no
path in neighbors from types with different conditional beliefs under µ and µ` to a set of types
that has positive probability in the limit, and indeed players’ equilibrium expected payoffs under
(µ` )`∈N come arbitrarily close to those under µ when ` grows large. On the other hand, there is
no state in which there is approximate common belief that conditional beliefs are close, which
means that the conditions for strategic closeness for general Bayesian games are not satisfied.
Intuitively, the above conditions on the prior effectively amount to restrictions on the possible
payoff interdependencies between types, as some interactions have zero probability. If this is a
reasonable assumption, and the interest is in the symmetric equilibria, then weaker conditions
for strategic closeness suffice.

5

Network games

To illustrate the practical applicability of the present result, I now turn to the special case
of network games, a class of games has which recently received considerable attention in the
literature (e.g., [7, 8, 13]). A network game is a game in which players are located on a network,
and play a fixed game with their neighbors. Players only know the number of neighbors they
have, and are uncertain about the full network structure.
A central question in that literature is how the symmetric equilibria of a game change when
players’ beliefs about the network are varied. To illustrate how the present results can be used
in that context, I will first derive the conditions for strategic proximity in network games. Since
network games satisfy the anonymity and symmetry assumptions that define anonymous local
games, Theorem 4.1 applies. However, because of the special structure of these games, weaker
conditions suffice. Specifically, the private information of a player in a network game is the
number of neighbors he has. Because the set of players is finite, this means that the type set is
finite. In that case, uniform weak convergence of prior beliefs (i.e., d0 (µ, µ` ) → 0) in fact implies
uniform convergence of conditional beliefs. This follows from Lemma 5.1, which also provides a
natural formulation of the condition on players’ prior beliefs in the context of Bayesian network
games:
Lemma 5.1 Let µ ∈ M and let (µ` )`∈N be a sequence in M. Assume that Ta is finite and that
each type has positive probability under µ. Then, maxF ⊆Ta ×Θ µ(F ) − µ` (F ) → 0 if and only if
maxt∈Ta ,F ⊆Θ µ(F | t) − µ` (F | t) → 0, and maxt∈Ta µ(t) − µ` (t) → 0.
The proof can be found in the online appendix.
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In turn, uniform convergence of conditional beliefs implies that d1 (µ, µ` ) and d1 (µ` , µ) converge to zero as well. Consequently, weak convergence of prior beliefs is a necessary and sufficient
condition for strategic convergence in Bayesian network games, which gives the following result:18
Corollary 5.2 Consider a Bayesian network game (µ, v) such that the profile of payoff functions
v is bounded, and let (µ` )`∈N be a sequence of priors in M. Fix ε > 0. Then
χ∗ (µ, µ` ; v, ε) → 0
if and only if for all ζ > 0, there exists Λζ such that for every ` > Λζ ,
max

t∈Ta ,F ⊆Θ

µ(F | t) − µ` (F | t) ≤ ζ,

and
max µ(t) − µ` (t) ≤ ζ.
t∈Ta

The intuition is the following. Suppose the prior probabilities of types and neighbor type
profiles converge, i.e., d0 (µ, µ` ) → 0. Because the type set is finite, the probability that a player
has a given type is uniformly bounded away from zero. By Bayes’ rule, the conditional belief
of a player in an event that has low prior probability cannot be arbitrarily high. Hence, lowprobability types cannot “infect” the rest of the type space, as in e.g. Example 2.2. That is,
priors are insensitive to small probability events [11].
How can this result be used in the analysis of network games? Since very little is known
about players’ beliefs about their network, one might want to try to characterize the set of
equilibrium outcomes in a network game for every possible prior, which is clearly infeasible.
The present result identifies the regions in the space of all possible priors such that strategic
predictions change continuously as beliefs are varied, as well as the regions where equilibrium
behavior changes abruptly with small changes in beliefs. Corollary 5.2 thus says that two priors
that induce similar distributions over the types of individual players, but differ in the correlation
among types of neighbors (so that players’ conditional beliefs over their neighbors’ types will
be different under the priors) can give very different equilibrium outcomes. This means that if
one wants to explore the range of possible outcomes in a given network game, then it may not
be enough to vary only the type distribution, as is done in much of the literature on network
games19 —also players’ conditional beliefs need to be taken into account.
18

This result of course applies to any setting with a finite type set. In fact, it applies more broadly to any setting
where uniform convergence of prior probabilities implies uniform convergence of posteriors, as is for instance the
case when types are independent [11].
19
A notable exception is [7].
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6

Concluding remarks

A common approach in the literature on the sensitivity of strategic predictions to higher-order
uncertainty is to require some notion of continuity to hold uniformly over a wide range of games,
for example the class of all Bayesian games with a countable type set. This paper departs from
the literature in that respect by restricting attention to a subclass of games, characterized by
certain restrictions on the payoff functions and the priors. The continuity of solution correspondences is then investigated relative to that class of games. Specifically, I derive necessary and
sufficient conditions for priors to give similar equilibrium outcomes in anonymous local games
such as network games and games with heterogeneous externalities. These conditions can be
shown to be strictly weaker than the corresponding conditions for the class of all Bayesian games
under certain conditions, so that it is possible to obtain stronger robustness results for this class
of games.
It is likely that limiting the domain of games may also help weaken the conditions for robustness to higher-order uncertainty in other settings, such as the robustness of equilibria to small
amounts of incomplete information (e.g., [10]). The challenge is to find reasonable restrictions
on the class of games that allow for a significant weakening of the conditions for robustness for
the larger class of games, preferably relaxing the condition that certain events need to be (approximate) common belief, in line with the goal set out by Wilson [26] of successively reducing
the base of “common knowledge required to conduct useful analyses of practical problems.” The
broader agenda of identifying interesting classes of games for which outcomes are more robust
to higher-order uncertainty seems to be a promising one for future research.

Appendix A
A.1

Proofs

Proof of Lemma 4.2

Lemma 4.2 uses Lemmas A.1–A.3.
Lemma A.1 The set of types Cµp (U ) is p-cohesive for any set U ⊆ Ta of active types, i.e.,

Bµp Cµp (U ) = Cµp (U ).


Proof. By definition, Bµp Cµp (U ) ⊆ Cµp (U ). It remains to show that Bµp Cµp (U ) ⊇ Cµp (U ).

T  `
Obviously, [Bµp ]` (U ) `∈N is a weakly decreasing sequence, and, by definition, `∈N Bµp (U ) =
Cµp (U ). Hence, using that the local p-belief operator is continuous (Lemma D.1 in the online
appendix),
\  `
\  `
\  `


Cµp (U ) =
Bµp (U ) ⊆
Bµp (U ) = Bµp
Bµp (U ) = Bµp Cµp (U ) ,
`∈N

`≥2

`∈N
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and the result follows.



Lemma A.2 Let µ ∈ M, and fix α, p ∈ [0, 1]. For each set U ⊆ Ta of active types, if the
probability that an agent has a type in the set Cµp (U ) is at least α, i.e., if

µ {(g, s) ∈ G × S : τ1 (g, s) ∈ Cµp (U )} ≥ α,
then the probability that this agent and his neighbors all have a type in the set Cµp (U ) is at least
αp.
Proof. Recall that for any U ⊆ Ta , µ(Ξ(U ) | t) denotes the conditional probability that the
types of all neighbors of a given agent lie in U , given that the agent’s type is t. By Lemma A.1,

Cµp (U ) is p-cohesive. Hence, for all t ∈ Cµp (U ) such that µ(t) > 0, µ Ξ(Cµp (U )) t ≥ p, so that


µ (g, s) ∈ G × S : τ1 (g, s) ∈ Cµp (U ), τj (g, s) ∈ Cµp (U ) for all j ∈ N1 (g)


0
0
p
µ(t
)
·
µ
{(g,
s)
∈
G
×
S
:
τ
(g,
s)
=
t
,
τ
(g,
s)
∈
C
(U
)
for
all
j
∈
N
(g)}
X
1
j
1
µ


=
µ {(g, s) ∈ G × S : τ1 (g, s) = t0 }
t0 ∈Cµp (U ):
µ(t0 )>0

X

≥p

µ(t0 )

t0 ∈Cµp (U )

≥ αp,
where, with some abuse of notation, N1 (g) is the set of agents that are neighbors of the agent
associated with vertex 1 in g.

p
Clearly, Cµ (U ) can be replaced by any subset of Ta that is p-cohesive in the statement of
Lemma A.2. It is presented in the present form for expositional reasons.
The next result builds on Lemma 1 of [22]:
Lemma A.3 Let µ, µ0 ∈ M. If σ is a symmetric equilibrium of the anonymous local game (µ, v)
and v is bounded by B, then there exists a symmetric 5δB-equilibrium σ 0 of the game (µ0 , v) such
δ
that σi0 (t) = σi (t) for any i ∈ Nc and t ∈ Cµ1−δ
0 (Tµ,µ0 ).
δ
Proof. For ease of notation, define Q := Cµ1−δ
0 (Tµ,µ0 ), and note that Q is a subset of the set
of active types Ta . Also, recall that Θ(k) is the set of all neighbor type profiles of dimension
k. Let i ∈ Nc . For t ∈ Q, set σi0 (t) = σi (t). For t 6∈ Q such that µ0 (t) > 0, let σi0 (t) be such
that (σj0 )j∈Nc is a symmetric equilibrium of the reduced game in which each j ∈ Nc with a type
t ∈ Q is committed to play σj0 (t) = σj (t). Such an equilibrium exists by Proposition 3.1. By
0
construction, σj0 (t) is a best response to σ−j
for any agent j of type t 6∈ Q. Hence, it remains to
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0
show that σj0 (t) is a 5δB-best response to σ−j
if j has type t ∈ Q. So let t ∈ Q, and recall that
0
by definition, µ(t) > 0 and µ (t) > 0 for t ∈ Q. By Lemma A.1,

µ0 {(g, s) ∈ G × S : τ1 (g, s) = t, τj (g, s) ∈ Q for all j ∈ N1 (g)

≥ 1 − δ,
(7)
µ0 {(g, s) ∈ G × S : τ1 (g, s) = t}

where, again with some abuse of notation, N1 (g) is the set of agents that are neighbors of the
agent associated with vertex 1 in g. Moreover, by the definition of Q, for each subset of neighbor
type profiles F ⊆ Θ,
µ(F | t) − µ0 (F | t) ≤ δ.
(8)
Consider an action a ∈ A such that σj (t)(a) > 0, and let b ∈ A. Then,
ϕj (a, σ 0 ; t, µ0 ) − ϕj (b, σ 0 ; t, µ0 ) ≤

X

X

0
0
µ0 (θ | t) vk (a, σ(θ)
, t, θ) − vk (b, σ(θ)
, t, θ) +

k∈N θ∈Θ(k) \Qk

X

X

0
0
µ0 (θ | t) vk (a, σ(θ)
, t, θ) − vk (b, σ(θ)
, t, θ) , (9)

k∈N θ∈Qk ∩Θ(k)

where µ0 (θ | t) denotes the probability (under the prior µ0 ) that an agent’s neighbor type profile
0
is θ = (θ1 , . . . , θk ) given that his type is t and where σ(θ)
is the profile (σ`0 (θ` ))`=1,...,k (recall that
σ 0 is a symmetric strategy profile). The first sum in (9) can be evaluated directly. Using (7) and
recalling that v is bounded by B,
X X
0
0
µ0 (θ | t) vk (a, σ(θ)
, t, θ) − vk (b, σ(θ)
, t, θ) < δB.
(10)
k∈N θ∈Θ(k) \Qk

To evaluate the second sum in (9), first note that if all neighbors of agent j have a type in
set Q, they play according to the strategy profile σ. As σ is an equilibrium of (µ, v), it follows
from the triangle inequality that
X

X

µ(θ | t) vk (a, σ(θ) , t, θ) − vk (b, σ(θ) , t, θ) ≤

k∈N θ∈Qk ∩Θ(k)

X

X

µ(θ | t) vk (a, σ(θ) , t, θ) − vk (b, σ(θ) , t, θ)

(11)

k∈N θ∈Θ(k) \Qk

Also, by (7) and (8), the conditional probability under µ that some neighbors of an agent do not
have a type in Q, given that the agent’s type is t, is at most 2δ. Combining this with (11) gives
X X
µ(θ | t) vk (a, σ(θ) , t, θ) − vk (b, σ(θ) , t, θ) ≤ 2δB.
(12)
k∈N θ∈Qk ∩Θ(k)

Let P k := {θ ∈ Qk ∩ Θ(k) : µ0 (θ | t) − µ(θ | t) ≥ 0} be the set of neighbor type profiles θ in Qk
such that the conditional probability of θ under µ0 is at least that under µ. Then, by (8) and
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the triangle inequality,
X

X



µ0 (θ | t) − µ(θ | t) vk (a, σ(θ) , t, θ) − vk (b, σ(θ) , t, θ) =

k∈N θ∈Qk ∩Θ(k)

X

X


µ0 (θ | t) − µ(θ | t) vk (a, σ(θ) , t, θ) − vk (b, σ(θ) , t, θ) +

k∈N θ∈P k ∩Θ(k)

X

X


µ(θ | t) − µ0 (θ | t) vk (a, σ(θ) , t, θ) − vk (b, σ(θ) , t, θ) ≤ 2δB. (13)

k∈N θ∈(Qk ∩Θ(k) )\P k

Combining (12) and (13) gives
X

X

µ0 (θ | t) vk (a, σ(θ) , t, θ) − vk (b, σ(θ) , t, θ) ≤

k∈N θ∈Qk ∩Θ(k)

X

X

k∈N

θ∈Qk ∩Θ(k)

X

X

µ(θ | t) vk (a, σ(θ) , t, θ) − vk (b, σ(θ) , t, θ) +
µ0 (θ | t) − µ(θ | t) vk (a, σ(θ) , t, θ) − vk (b, σ(θ) , t, θ) ≤ 4δB. (14)

k∈N θ∈Qk ∩Θ(k)

Together with (9), (10), Eq. (14) yields
|ϕi (a, σ 0 ; t, µ0 ) − ϕi (b, σ 0 ; t, µ0 )| ≤ 5δB.
for any i ∈ Nc and t ∈ Q.



The proof of Lemma 4.2 now follows from these results. For ease of notation, define Q :=
and note that Q ⊆ Ta . Since d∗ (µ, µ0 ) ≤ δ, the difference in probabilities assigned
to the event that the type and neighbor type profile of an arbitrary agent belong to a subset F
of Ta × Θ under µ and µ0 is at most δ, i.e.,
δ
Cµ1−δ
0 (Tµ,µ0 ),

µ(F ) − µ0 (F ) ≤ δ.

(15)


µ0 {(g, s) ∈ G × S : τ1 (g, s) ∈ Q} ≥ 1 − δ,

(16)

Moreover,

where τ1 (g, s) is the type of the agent associated with vertex 1 in g. Fix i ∈ Nc , and let σ be
a symmetric equilibrium of (µ, v). By Lemma A.3, there exists a symmetric 5δB-equilibrium σ 0
of (µ0 , v) such that σi0 (t) = σi (t) for any i ∈ Nc and t ∈ Q. Hence, using (16) and Lemma A.2
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(with α = p = 1 − δ),
Φi (σ 0 ; µ0 ) − Φi (σ; µ0 )
X
X
X
0
0
≤
µ0 (t)
µ0 (θ | t)
σi0 (t)(a)vk (a, σ(θ)
, t, θ) − σi (t)(a)vk (a, σ(θ)
, t, θ) +
t∈Q

X

X

µ0 (t)

t∈Q

X
t∈Ta \Q:
µ0 (t)>0

a∈A

k∈N,
θ∈Qk ∩Θ(k)

X

µ0 (θ | t)

a∈A

k∈N,
θ∈Θ(k) \Qk

µ0 (t)

X

0
0
σi0 (t)(a)vk (a, σ(θ)
, t, θ) − σi (t)(a)vk (a, σ(θ)
, t, θ) +

µ0 (θ | t)

X

0
0
σi0 (t)(a)vk (a, σ(θ)
, t, θ) − σi (t)(a)vk (a, σ(θ)
, t, θ)

a∈A

k∈N,
θ∈Θ(k)


< 0 + 1 − (1 − δ)2 B

= 2 − δ δB,

(17)

0
where σ(θ)
= (σ`0 (θ` ))`=1,...,k for θ = (θ1 , . . . , θk ) ∈ Θ(k) (recall that σ 0 is a symmetric strategy
profile, so that the agents’ identities are irrelevant). Let P := {t ∈ Ta : µ0 (t) − µ(t) ≥ 0}. Then,

Φi (σ; µ0 ) − Φi (σ; µ)

≤

X X
t∈P

X
σi (t)(a)|vk (a, σ(θ) , t, θ)| +
µ0 (t) − µ(t)
a∈A

k∈N,
θ∈Θ(k)

X

X

µ(t) − µ0 (t)

X

t∈Ta \P k∈N,
θ∈Θ(k)

≤ 2δB.

(18)

Combining (17) and (18) gives the desired result.

A.2

σi (t)(a)|vk (a, σ(θ) , t, θ)|,

a∈A



Proof of Lemma 4.3

If d0 (µ, µ0 ) > δ, there exists F ⊆ Ta × Θ such that |µ(F ) − µ0 (F )| > δ, where µ(F ) and µ0 (F )
denote the prior probability under µ and µ0 that an arbitrary agent has a type and neighbor
type profile in F , respectively. For each t ∈ Ta , k > 0, b ∈ A, ak ∈ Ak and θ ∈ Θ(k) , let
(
1 if (t, θ) ∈ F,
vk (b, ak , t, θ) =
0 otherwise.
It is easy to see that for all i ∈ Nc ,
|Φi (σ; µ) − Φi (σ 0 ; µ0 )| > δ
for any strategy profiles σ, σ 0 .
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Appendix B

Conditions for Bayesian games

This appendix relates the conditions for strategic proximity in anonymous local games and
general Bayesian games to the probability that there are paths in neighbors and paths in players,
respectively. Denote the fixed (finite) set of players by I.
I show the following result. Consider a prior µ and a sequence (µ` )`∈N . The conditions
d1 (µ, µ` ) → 0 and d1 (µ` , µ) → 0 on players’ conditional beliefs hold, while the corresponding
condition for general Bayesian games (specified below) is not satisfied if and only if for all ζ > 0,
there exists Λζ such that for all ` > Λζ ,


n
o
L
δ
δ
≤ δ ≤ ζ, and
inf δ : µ
(g, s) : τ1 (g, s) 6∈ Tµ,µ` or ∃t 6∈ Tµ,µ` s.t. t −→ τ1 (g, s)
µ,δ
n


o
L
δ
δ
`
(g, s) : τ1 (g, s) 6∈ Tµ,µ` or ∃t 6∈ Tµ,µ` s.t. t −→
τ1 (g, s)
≤δ ≤ζ
inf δ : µ
`
µ ,δ

and there exists c > 0 such that


n
o
G
δ
δ
inf δ : µ
(g, s) : ∃j ∈ I s.t. τj (g, s) 6∈ Tµ,µ` or ∃t 6∈ Tµ,µ` s.t. t −→ τj (g, s)
≤ δ > c, or
µ,δ

n

o
G
`
δ
δ
inf δ : µ
(g, s) : ∃j ∈ I s.t. τj (g, s) 6∈ Tµ,µ` or ∃t 6∈ Tµ,µ` s.t. t −→
τj (g, s)
≤δ >c
`
µ ,δ

for all ` sufficiently large. This is done by showing that the prior probability that a player has
a type in the cohesive subset of types that have similar conditional beliefs under two priors is
equal to the prior probability that there is no path in neighbors from a type that has different
conditional beliefs under these priors to that player’s type. Similarly, the prior probability that
there is approximate common belief that the conditional beliefs of all players are close under
two priors equals the prior probability that there is no path in players from the types that hold
different conditional beliefs to the players’ (realized) types.
I first recall some notation from [11]. For any set of states FG ⊆ G × S and p ∈ [0, 1], let
p
Bµ,G
(FG ) := {(g, s) ∈ G × S : ∀i ∈ I, µ(τi (g, s)) > 0 =⇒ µ(FG | τi (g, s)) ≥ p} ,

where µ(τi (g, s)) is the prior probability that player i has type τi (g, s) and µ(FG | τi (g, s)) is i’s
p
posterior belief that the true state lies in the set FG . The operator Bµ,G
is the p-belief operator
introduced by Monderer and Samet [15]. Iterating the belief operator gives approximate common
belief in the event FG :
\  p `
p
(FG ) =
BG,µ (FG ).
Cµ,G
`∈N
0

Finally, for priors µ, µ , let
n
δ
Aµ,µ
(g, s) ∈ G × S : ∀i ∈ I, µ(τi (g, s)), µ0 (τi (g, s)) > 0, and
0 :=
sup
FG ⊆G×S
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0

µ(FG | τi (g, s)) − µ (FG | τi (g, s)) ≤ δ

o

be the set of states such that the conditional beliefs of all agents are close under µ and µ0 . Kajii
and Morris [11] show that the following condition is necessary for strategic convergence of a
sequence (µ` )`∈N to a prior µ on the class of Bayesian games: For every ζ > 0, there exists Λζ
such that for all ` > Λζ ,
o
n


1−δ
δ
inf δ : µ Cµ,G Aµ,µ` ≥ 1 − δ ≤ ζ,
and
o
n


δ
≥
1
−
δ
≤ ζ.
inf δ : µ` Cµ1−δ
A
` ,G
µ,µ`
To explore the conditions on priors for which the above condition is weaker than the conditions in Theorem 4.1 on players’ conditional beliefs (i.e., d1 (µ, µ` ) → 0 and d1 (µ` , µ) → 0),
the following two results relate the different conditions for strategic proximity to the presence of
paths in neighbors and paths in players, respectively:
Proposition B.1 Fix δ > 0 and let µ, ν be priors on G × S. Then,
n
o
L
δ
δ
(g, s) ∈ G × S : τ1 (g, s) 6∈ Tµ,ν
or µ(τ1 (g, s)) > 0 and Ta \ Tµ,ν
−→ τ1 (g, s) =
µ,δ
n
o
δ
(g, s) ∈ G × S : τ1 (g, s) 6∈ Cµ1−δ Tµ,ν
Proof. Fix a state (g, s) ∈ G × S. If the type of a player associated with vertex 1 in g is
δ
δ
δ
not in Tµ,ν
, i.e., τ1 (g, s) 6∈ Tµ,ν
, then τ1 (g, s) 6∈ Cµ1−δ (Tµ,ν
). So suppose µ(τ1 (g, s)) > 0 and
L

δ
δ
Ta \ Tµ,ν
−→ τ1 (g, s). Then there exist k, E1 , . . . , Ek ⊆ Ta with E1 := Ta \ Tµ,ν
, Ek := {τ1 (g, s)},
µ,δ

and for all m ≥ 2, tm ∈ Em , µ(tm ) > 0 and
µ ({(g 0 , s0 ) : ∃j ∈ N1 (g 0 ) s.t. τj (g 0 , s0 ) ∈ Em−1 } | {(g 00 , s00 ) : τ1 (g 00 , s00 ) = tm }) > δ.
δ
Using that E1 = Ta \ Tµ,ν
, it follows that for each m ≥ 2, tm ∈ Em ,

µ



δ
(g 0 , s0 ) : ∀j ∈ N1 (g 0 ), τj (g 0 , s0 ) ∈ [Bµ1−δ ]m−2 Tµ,ν




| {(g 00 , s00 ) : τ1 (g 00 , s00 ) = tm } < 1 − δ,

δ
δ
so that tm 6∈ [Bµ1−δ ]m−1 (Tµ,ν
). This implies that τ1 (g, s) 6∈ Cµ1−δ (Tµ,ν
).
δ
δ
Conversely, suppose τ1 (g, s) 6∈ Cµ1−δ (Tµ,ν
) for some fixed (g, s) ∈ G × S. If τ1 (g, s) 6∈ Tµ,ν
,
δ
the proof is complete. So suppose that µ(τ1 (g, s)) > 0 and τ1 (g, s) ∈ Tµ,ν . Then there exists
δ
δ
a smallest k ≥ 1 such that τ1 (g, s) 6∈ [Bµ1−δ ]k (Tµ,ν
). Let U1 := Ta \ Tµ,ν
. Note that U1 is
1−δ
δ
δ
δ
δ
nonempty: If U1 = ∅, then Cµ (Tµ,ν ) = Tµ,ν , contradicting that τ1 (g, s) ∈ Tµ,ν \ Cµ1−δ (Tµ,ν
). For
m = 2, . . . , k, define

δ
Um := t ∈ Ta \ [Bµ1−δ ]m−1 (Tµ,ν
) : µ(t) > 0 ,
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and note that Um ⊆ Um+1 for all m. Finally, let Uk+1 := {τj (g, s)}. It follows that for m =
δ
2, . . . , k and tm ∈ Um , µ(tm ) > 0 and tm 6∈ [Bµ1−δ ]m−1 (Tµ,ν
), so that
µ {(g 0 , s0 ) : ∃j ∈ N1 (g 0 ) s.t. τj (g 0 , s0 ) ∈ Um−1 } | {(g 00 , s00 ) : τ1 (g 00 , s00 ) = tm }



δ
= µ {(g 0 , s0 ) : ∃j ∈ N1 (g 0 ) s.t. τj (g 0 , s0 ) 6∈ [Bµ1−δ ]m−2 (Tµ,ν
)} | {(g 00 , s00 ) : τ1 (g 00 , s00 ) = tm }



> δ.
δ
),
Finally, as τ1 (g, s) 6∈ [Bµ1−δ ]k (Tµ,ν

µ {(g 0 , s0 ) : ∃j ∈ N1 (g 0 ) s.t. τj (g 0 , s0 ) ∈ Uk | {(g 00 , s00 ) : τ1 (g 00 , s00 ) = τ1 (g, s)}



δ
) | {(g 00 , s00 ) : τ1 (g 00 , s00 ) = τ1 (g, s)}
= µ {(g 0 , s0 ) : ∃j ∈ N1 (g 0 ) s.t. τj (g 0 , s0 ) 6∈ [Bµ1−δ ]k−1 (Tµ,ν

> δ,
δ
to τ1 (g, s).
so that there is a δ-path in neighbors from Ta \ Tµ,ν



Proposition B.2 Fix δ > 0 and let µ, ν be priors on G × S. Then,
n
o

G
1−δ
δ
δ
δ
(g, s) ∈ G × S : ∃j ∈ I s.t. τj (g, s) 6∈ Tµ,ν
or Ta \ Tµ,ν
−→ τj (g, s) = (G × S) \ Cµ,G
Aµ,ν
.
µ,δ

δ
δ
Proof. Note that if (g, s) is such that there is j ∈ I with τj (g, s) 6∈ Tµ,ν
, then (g, s) 6∈ Aµ,ν
.
Using this, the proof is analogous to the proof of Proposition B.1. The details are omitted. 

δ
δ
Noting that if there is a player in j ∈ I such that τj (g, s) 6∈ Tµ,ν
, then (g, s) 6∈ Aµ,ν
, it follows
from Propositions B.1 and B.2 that



δ
(g, s) : τ1 (g, s) 6∈ Cµ1−δ Tµ,ν




1−δ
δ
⊆ (G × S) \ Cµ,G
Aµ,µ
` .

Lemma 4.5 then gives the desired result.
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